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Abstract 
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1 Introduction 



It is well-known that on flat d = 4, N = 1 superspace there exist two different types 
(called S and B) of superconformal symmetry breaking and correspondingly two versions 
of the supercurrent [0, 0. In a recent series of papers p, ^ |], ^, the S-type supercurrent 
has been studied by coupling it to a background of old minimal supergravity fields, such 
that the superconformal Ward identity on fiat space corresponds to the fiat space limit 
of a combined diffeomorphism and Weyl Ward identity. By functionally differentiating 
with respect to the supergravity field if""", the superconformal transformation properties 
of Green functions with one or more insertions of the S-type supercurrent have been 
explicitly determined to all orders in perturbation theory for the Wess-Zumino model 
as well as for SQED. It has been shown there that the anomalous breaking of Weyl 
symmetry on curved space may be expressed in terms of a local Callan-Symanzik equation, 
in which all dynamical anomalies are parametrized by the (3 and 7 functions of the theory. 
This equation already contains all information on superconformal anomalies of multiple 
supercurrent insertions. 

In the present article, the B-type supercurrent is considered in a similar way by using 
a background of new minimal supergravity fields. Furthermore, we also investigate the 
transformation properties of the anomalous breaking terms B^ and 5* themselves. 

This article is organized as follows. In section ^ superconformal Ward identities on fiat 
space are briefly reviewed, including the two possible types of breaking terms. In section 
^, the formalism of coupling the supercurrent as well as the breaking terms to external 
fields is presented in a model independent way. The types S and B of the superconformal 
Ward identity are shown to correspond to the fiat space limit of old resp. new minimal 
supergravity backgrounds. The transition from the old to the new formulation is achieved 
by introducing an additional external field L (which is linear and real) in a Weyl invariant 
way. The choice of parametrization of the new minimal supergravity is non-trivial here, the 
primary requirement being the possibility to vary all fields independently. This problem 
is solved by expressing L in terms of a fiat space chiral spinor superfield rja- By taking 
functional derivatives with respect to the external supergravity fields, the transformation 
properties of supercurrent and breaking terms are obtained. Since all Ward identities are 
formulated off-shell and for arbitrary functionals, they may be applied to the classical 
action as well as to the vertex functional. In section ^ we consider the massless Wess- 
Zumino model in a perturbative approach using BPHZL renormalization. A close analysis 
of all possible breaking terms shows that the Weyl invariant coupling of L is possible, such 
that the formalism of section 1^ may be applied. 



2 Superconformal Ward identities 

According to the Noether theorem, for each continuous symmetry there exists a con- 
served current. At first, these currents are fields on Minkowski space and are given in 
terms of components of the superfields involved. As usual, the energy-momentum ten- 
sor corresponds to translational invariance, while supersymmetry implies the existence 
of a conserved current called supersymmetry current. This supersymmetry current Qaa 
should be clearly distinguished from the supercurrent Vaa which is a superfield having the 
energy-momentum tensor Tab, supersymmetry current Qaa and i?-current Ra amongst its 
components. 

Suppose we have a superconformally invariant action F. Then the supercurrent is itself 
conserved in the sense that the Ward identities 

8iwT = d^Va (2.1a) 

-16WaT = D'^Vaa (2.1b) 

-16WaT = D'^Vaa (2.1c) 

hold, where w = D°'Wa — Da'w°', and Wa is the local Ward operator of superconformal 
transformations. If F depends only on a chiral field A, Wa is given by 

Wa = \D^A^ - 1,D^ (aA^ . (2.2) 

The meaning of Wa has been discussed in detail in . At this point it is sufficient to note 
that Wa is a functional differential operator such that w^F vanishes on-shell. Thus the 
divergence of Va also vanishes on-shell, and V^ is a conserved current. Equations ( |2.1b| ), 
( p.lc|) represent a decomposition of (|2.1a| ) and are called trace identities. 



In the superconformal case, conserved R-current, energy-momentum tensor and super- 
symmetry current are given by 

Ra = \Ca (2.3a) 

Tab = -i^{afe) , (2.3c) 

where 

Va{z) = Ca{x) + e^Xaa{x) + ^aXa"(x) + ea^'OVabix) +.... (2.4) 

Let us now turn to the case of broken superconformal invariance. In this case, the Ward 



identities (|2.1|) contain additional breaking terms Ba and S: 

8iwT = d^Va - i {D^S - D'^S) , (2.5a) 

-16w„r = D'^Vaa -Ba + 2D^S , (2.5b) 

-IGWaT = D'^Vaa - Ba + ^D^S , (2.5c) 

where 

D^S = 0, (2.6a) 

D^Ba = , D'^B^ - Do^B^ = . (2.6b) 

The restrictions ( |2.6| ) on Ba and S ensure that F is still super Poincare invariant. It has 
been shown however |l|, |^ , that a conserved energy-momentum tensor and supersymmetry 
current can be formed from the components of Va only if either B^ or S vanishes^. The 
decomposition ( p.5b|) of WoX into V, S and B is far from being unique. Indeed, in all 
known cases it is possible to eliminate B^ by a redefinition of V and S. In some cases - 
but not always - it is also possible to eliminate S* by a redefinition of V and B. The case 
5* = is denoted as B formulation, the corresponding supercurrent as B-type supercurrent. 
Analogously, for i? = we have the S formulation and the S-type supercurrent. In the 
superconformal case, both formulations coincide. 



From (|2.5a| ) it is clear that if 5 = then ( p. 3D yields conserved currents. This implies 



Tab - 


= -liVab + Vba - ^riabV^ 


Qa'' = 


-- i (Xa" - iaaa,)Jx'i3) 


Ra{x) = 


- ia(x) . 



that the B formulation can only be possible for R-invariant theories. If 5* 7^ 0, F may or 
may not be R-invariant. Furthermore R, Q and T defined by (|2.3|) are not conserved as 
( p.5a| ) shows. There exists, however, a different definition of conserved currents Qaa and 
Tab in terms of supercurrent components [jl[, given by 

(2.7) 
(2.8) 
(2.9) 



3 Classical Formalism 

3.1 Old minimal supergravity background 

The covariant derivatives 

^A={%,^a,^n (3.1) 



^ A conserved energy- momentum tensor and supersymmetry current do also exist if Ba and S are both 
different from zero. But in this case they can not be expressed in terms of components of the supercurrent 
only. 



of old minimal supergravity are determined by the prepotentials H and 0, where H = 
H°'da is a real vector superfield and = e"' is chiral. On flat space {H = 0, J = 0) they 
reduce to the usual derivatives 

DA = {da,D^,D^). (3.2) 

In this paper we use the real as well as the curved space chiral representation. Quantities 
in the real representation are denoted by letters with a tilde, e.g. $. The corresponding 
expression in the chiral representation is given by $ = e'^$. From the fact that this trans- 
formation with e'^ does not commute with complex conjugation, there arises a notational 
difficulty. For example, the complex conjugate ^q, of the chiral representation covariant 
derivative D^ is in the antichiral representation, while in the chiral representation it reads 

e^^^D^e-^'^. (3.3) 

Superdiffeomorphisms are generated by vector fields 

A = A''^^ + A"D, + A^D" + k'^^M^p + A-^^M^^ (3.4) 

which are subject to certain constraints, such that they may be expressed in terms of a 
single parameter function VL°'{z) as 



p2^" , A^ = e^^^v 
Kp = -Dia^p) , Aap = e''^A„^ . (3.6) 



A"" = iD"fi" , A" = i^'fi" , A^ = e'^^A^ , (3.5) 



The diffeomorphism transformation properties of the supergravity prepotentials are given 
by 



e2i^_eV'^e-^, 0^ ^ V% (3.7) 

where Ac = A"" da + A^Da- Super Weyl transformations are local scalings of the chiral 
compensator but leave H invariant, 

— ^e"0, H — >H. (3.8) 

Superconformal transformations are now conveniently characterized as those combined A 
and Weyl transformations which leave the fiat space choice iJ = 0, J = invariant, i. e. 

a = -^D'^D'^VL^ , D^fi" = D'^VT . (3.9) 

Transformation properties of functionals such as the classical action or the vertex func- 
tional are most adequately expressed in terms of Ward identities. Local Ward operators 
are denoted by w, surrounded by some indices. The upper left index contains the fields 
which are to be transformed, e. g. w or w or ^^^w for the dynamical fields (as opposed 



to the background fields). The type of transformation is specified in the lower left posi- 
tion: ^ for diffeomorphisms, jv for Weyl transformations and ^^w for combined A and 
Weyl transformations. Integrated Ward operators are denoted by W and are defined by 

"IWT = Jd'zn''{z)lw^iz)T + c.c. = jd^'zd^H'^'' -^ + c.c. . (3.10) 

Thus diffeomorphism invariance of the action F is expressed by 

0, + >, + '^>,)r = o. (3.11) 

For Weyl transformations we include a general chiral breaking term S, 

{iw+''yy)T = -IS. (3.12) 

We may now combine Ward identities ( p.ll| ) and (|3.12|) by imposing the first of constraints 
( p.9|) , such that the inhomogeneous terms in the A and Weyl transformation of J cancel. 
This means that in the fiat space limit there is no contribution from J. However, the 
inhomogeneous term in the local Ward operator for H, 

>r°- = p"^, (3.13) 



is also present on flat superspace. We obtain 



5lf 



\y.T = -\D-^^-\D^S, (3.14) 



which is exactly the S-type superconformal Ward identity since Vaa = ^j^a- By differ- 
entiating once with respect to if"" before restricting to flat space and by integrating with 
the parameter function Q'^^^f{z) for conformal transformations, one obtains the transfor- 
mation properties of the supercurrent (see H for details). 



dyn- 
Ao- 



W(ficonf)K.(.) = SV^^iz) - I jd'z'criz')^^^ - I /d^--'^(-') J^ , (3.15) 
5Vaa = AV^a-Ucj + a)Vo.^, (3.16) 

tX(^) = A'^ {n-{zriy^{z) + n^z^iy^iz)) . (3.17) 



Here we have assumed that the dynamical flelds transform independently of H, as is the 
case for chiral scalar flelds. Otherwise additional terms may be present, ficonf and a are 
the solutions of (p.9|). 

Next we aim at a curved space extension of the B formulation of the superconformal 
Ward identity. It turns out that this is achieved by using the curved space formalism of new 
minimal supergravity which is obtained from the old minimal formulation by introducing 
an additional external fleld L which is linear and real. We proceed in two steps. In the 



first step, a real external field without the linearity constraint is coupled to the breaking 
term S. As a by-product, this allows the calculation of the conformal transformation 
properties of 5* itself. In the second step, the linearity condition is employed. Since 
functional derivatives with respect to constrained fields are not well-defined, the linear 
field L is expressed in terms of a flat space chiral spinor field which turns out to couple 
directly to the B breaking. 



3.2 Coupling of the Weyl breaking to an external field 

We introduce an additional external field L which is restricted to be real. In the chiral 
representation this means 

L = e^'''L, (3.18) 

thus L is subject to an if-dependent constraint and cannot be varied independently from 
H. It is therfore preferable to transform L back from the chiral to the real representation, 
i.e. to use 

L = e-''"L (3.19) 

instead of L as independent field. L is a real field in the usual sense, 

L = L. 
By definition L transforms under A transformations as a scalar field, 

6aL = AL, (3.20) 

which yields together with the transformation of H ( |A.1.2| ) the transformation of L: 



5aL = 5f L + 5^^^L + 0{H^) (3.21a) 

6^^^L = iD^n^'iD^, D^}L + \D'^n''D^L + c.c. (3.21b) 
5^1^ L = -±H"»{D^, D^jD^^Q^iDp, Dp}L - |ff""{Z^«, D^}D^Q^DpL 

+ ^{D,, D^]H^f^D'^Q!'{Dp, D^}L + c.c. (3.21c) 

The Weyl transformation of L is defined as 

6^1 = - (e-'^a + e'^a) L . (3.22) 



From (|3.21| ) and (|3.22|) the Ward operators may be calculated 



H°) = \D- ( {D^,D^}lV\ + \D' U^lt 



(3.23) 
(3.24) 






l^ = ^^{D,,D^}D^ (^H^^{D^,D^}lVj + 1{D,,D^}D' [h^^D^lV^ 



w 



16 



z S 



+ ^D^ {D^,D^}H'"'{Dp,D,}L-^ +C.C 



6L 



L^^ I e 

5L 



iH 



(3.25) 
(3.26) 



The new field L is useful if it can be coupled in such a way that the theory under 
consideration becomes Weyl invariant up to purely geometrical terms. This is not always 
possible, a necessesary condition being R invariance of the original theory. Futhermore L 
should be coupled such that for L = 1 we come back to the original theory. 

Let's assume we have succeeded in introducing L as requested. Then the following 
Ward identities hold: 



dyn HJL 



^w„ I r = 



dyn. 



w +-^^w] T 



For L = 1 this implies 

i'^^A^a + ^iwa) r = 



(3.27a) 
(3.27b) 



(3.28) 



L=l 



This means that the dynamical anomalies of the original theory are now coupled to L, 



5'dyn(dyn, if, J) 



D-^ ( £e 
5L 



2 n2 



iH 



(3.29) 



L=l 



Since the Weyl breaking is now controlled by L we may confidently put J = and accept 
the fusion of A and Weyl transformations according to 



(3.30) 



Acr'^^a + Aa^^J ~ ^g " S^^^™^ ' ' ) 



On fiat space {H = 0, L = 1), the Ward identity reduces to 






2 ^Jjaa 12 " ^^ 



(3.31) 



3.3 Conformal transformation properties of the S breaking 

Since flat space is restored at L = 1, it is convenient to use / = logL instead of L, sucli 
that flat space corresponds to / = 0. The transformations of / are given by 

Sf^l = lD'^n''{Da,D^}l + \D'^n''Dj+ c.c. (3.32) 

5J = -{e-''"a + e'"a) (3.33) 

( p.29| ) translates into 



^dyn(dyn,i7,J) = -|D2(^^e'^^ 



(3.34) 



«=o 



Ward operators for / may simply be obtained from ( p.23| ) - ( p. 261 ) by noting that 



5L 



L ^-j. By rewriting ( |3.27| ) in terms of /, forming the conformal Ward operator j^W{Vtcoxi{) 

and differentiating with respect to Z, one finds the flat space transformation law of the 5* 
breaking. 

Theorem 1. In a model which is coupled to a real superfield L = e^^e'' in a Weyl invariant 
way, the following Ward identities hold at H = 0, (j) = 1, I = 0: 

tXr = -ID-^ + hD.D^Y^ (3.35) 

tX(f^conf)5^S = (A, - 3a)D2£ 

01 01 



+ fd'z'a{z')D'^D 



(rz'a(z')D'^D' 



6l{z)6l{z') J 6l{z)6l{z') 

(3.36) 



One might expect a contribution to ( p.36| ) from the geometrical anomalies in ( |3.27b| ). 
The only chiral term of dimension 3 containing only one field / is given by 

^geom(i^, J, I) = cD^nl + 0{P) + OiH) + OiJ) . (3.37) 

Thus there is no contribution to (|3.36|) since 

d'^zacD^nl = c (fznal = 0. (3.38) 

3.4 B formulation 

A preliminary version of the B formulation may be obtained already at this point. We 
use the relation 



to rewrite S'dyn as 

lD^SA,^(djn,H = 0) = lD''(l[D^,D/X] -\D^dJZ. (3.39) 

V ol J ol 

It seems obvious to interpret the first term on the right hand side of ( |3.39| ) as a contribution 
to the supercurrent while the second term has the properties of a i? breaking: 

^"« = 8(^-|[^-^"]|)r (3.40) 

B^ = -AD^D^-^ . (3.41) 

ol 



Using these definitions, (|3.35|) becomes 



<^^>„r = -^D'^Kf^ + ^5„. (3.42) 



Ao-"-^" 16 '^ aa ' 16 

Furthermore, Ba as given by ( p.41| ) obeys the constraint (|2.6|) . 



3.5 Example: Classical O'Raifeartaigh model 

As a simple example we consider the classical O'Raifeartaigh model without spontaneous 
symmetry breaking. This model describes three chiral fields Ao, Ai, A2, the flat space 
action being given by 

2 



r = j| ^ fd'z AkAk + (Jd^z {^A,A, + ^AoAl) + c.c^ . (3.43) 

On (old minimal) curved superspace this becomes 

r = jL Jd^z E'^AkS^'^'Ak + (Jd^z 0=^ {fA,A2 + ^AoAl) + c.c)j . (3.44) 

The Weyl transformation of the dynamical fields is defined as 

Ao -^ e-=^Mo , Ai^A,, A2^ e-^'^A^ . (3.45) 

The Weyl weights are chosen to fit the non-conformal i?-weights hq = n2 = —2, ni = 
of Aq, A2 and Ax (see 0). Our formalism automatically incorporates general supercon- 
formal transformations with dilatational weights di = — |^j different from the canonical 
dimension 1 of the fields. 

Now we introduce the real superfield L. Obviously 

r = j^ fd^'zE-' {Aoe^'^'AoL-^ + A.e'''' A,L + A^^"" A^L'^) 

+ ( fd^z {fAiA2 + ^AoAl) + c.c^ (3.46) 



10 



is Weyl invariant. The field L = &^L has been used in the chiral representation as 
an abbreviation. However it shall be understood that / is viewed as independent field. 
Furthermore we have put J = 0. Now the Ward identity 

^^wT = -^^D''V^l + j-^B^ (3.47) 



holds, and V^ and Ba may be calculated using ( |3.40| ), ( |3.41| ) 



Kfa = -| $^K + l)D^AkD^Ak + \ J2 riki-AkD^D^Ak + AkD^D^Ak) (3.48) 

k k 

B^ = \D^D^ (2AoAo - A,A^ + 2A2A2) . (3.49) 

This coincides with the known B type Ward identity in 0. 

The O'Raifeartaigh model is also well suited to check (|3.36|). The S breaking is given 



by 

= -2i^' (-2A0A0 + A,Ai - 2A2A2) . (3.50) 



^ 61 



1=0 
According to ( p.36| ), S transforms as 

tW{^coni)S = AcS - ^D^ ((-5a - 2cr){-2AoAo - 2A2A2) + {-2a + cr){AiAi)) , 

(3.51) 

which may be independently checked by applying the transformation laws of Aq, Ai, A2 
on(P3UD. 



3.6 B formulation and new minimal super gravity 

So far the B formulation has the disadvantage that the B-type supercurrent doesn't couple 
directly to H""^ but is rather given by a combination of functional derivatives with respect 
to if"" and / ( p.40| ). Even worse, Ba depends only on some components of -^ while other 
components are actually not needed. Both drawbacks may be fixed by restricting L to be 
a real linear superfield. By imposing this restriction we end up in a background of new 
minimal supergravity. For the formalism of new minimal supergravity, see 0, |], 0. 

There is however the technical complication that it is not possible to functionally differ- 
entiate with respect to a linear superfield. Thus the linearity constraint has to be solved 
by expressing L in terms of unconstrained fields. As a first step, L is expressed in terms of 
a real fiat linear superfield Lq. Again, we cast L into the real representation L = e~'^L. 
We have to solve the equation (for J = 0) 

= {^^ + Ry^'L = D^ (E-h'^'L) . (3.52) 
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One might be tempted to identify Lq with the term in brackets on the right hand side of 
this equation, however this expression is not real. A real expression for Lq is obtained by 
the following manipulations, 



= D^ (^-^e'^Z) = D^ [(E-'L) e'^ 

/ oo 



.n=0 



~_i ~ sinh(iif ^ 



D' \ {E-'L)cosh{iH) + i ( (E-'L) — ^^^iJ°- ) [D^, D^] ] , (3.53) 

where E^'^ = E~^e~^^ is the inverse vierbein determinant in the real representation. 
cosh(iiif ) is real because cosh(x) contains only even powers of x. The same is true for 
sinh(x)/x. Since furthermore E, L and [Da, Da] are real, a suitable definition of Lq is 

Lq = {E''L) [ cosh(i'H^) + i Si^Mi_^) ff«» o \D~D~] J . (3.54) 

Lq is restricted by 

Lq = Lq, D^Lq = . (3.55) 

The second step is to solve this constraint by 

Lo = \ {D'^Va + Dat) , (3.56) 

where rja is a flat chiral spinor superfield, DaTja = 0. Thus the real, curved space hnear 
superfield L is now expressed in terms of H and the fiat space chiral spinor fields r]a, f]a, 

L = LiH,r],r]). (3.57) 

Tja, fja are not subject to any further constraints and are thus well suited as independent 
fields to formulate Ward identities with^ 

By expressing Lq in terms of 1], fj, an additional gauge invariance has occurred: The 
replacement 

Va^Va + iD^D^K , Va^Va- iD^D^K with K = K (3.58) 

leaves Lq invariant. We denote this invariance as K- gauge invariance. 

To further evaluate the connection between L and Lq, we decompose the differential 
operator which acts on L in ( p.54| ) corresponding to the order in H, 

oo 

Lo = Ey(")L (r(°) = l). (3.59) 

n=0 



•^Chiral superfields are essentially unconstrained because they live on the smaller superspace with 
integration measure d^z =d'^d^6'. 
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The inverse operator is written as 

oo 

Z = ^X(")Lo (X(°) = 1). (3.60) 

n=0 

The connection between Y^"'' and X^"' is given by 

y(i) = _xW 

By expanding ( |3.54| ) in a power series in H, one finds 

X«Lo = l[D^,D^]H"'^Lo - |[Z^,,5^](ff"°Lo) (3.61) 

+ j-^D^D^H''''DpD^H^^Lo . (3.62) 

( p.61| ) coincides with a first-order field redefinition suggested in p. Furthermore, (|3.54|) 
is similar but not identical to a useful field redefinition in abelian gauge theory p, ||. 

Next, the transformation properties of Lq have to be determined. Clearly, 

oo oo oo 

n=l m=0 n=0 ^ 

with S\crL given by the sum of ( ^.21| ) and ( |3.22| ). To zeroth order in H this yields 

= -\D"D^ (Q^Lo) - \D^D' {Q^Lo) . (3.64) 

To first order in H, ( p. 631) yields 

4'JL„ = >■'"> (r<") xi'iLo + "PI'"' (y<") L„ + >■'»' (yP>) l„ 

-(*i°^^)...<.,.,-(*Si),.,->-'"(*S^),.,- (3.65) 

The explicit expression for 5)^ILq is lengthy and is therefore not displayed. 
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Since it is not possible to functionally differentiate with respect to a linear field, Ward 
identities cannot be formulated in terms of Lq. Instead, 77^ has to be used. In order to 
find the transformation properties of rja, ^KctLq has to be rewritten as 

5a.Lo = \ [D'^ {6a^7]^) + D^ {6A^r)) ■ (3.66) 

Sj^ILq in ( p.64|) already has this form, and it follows 

Sflva = -\D\n^L,) , 5fln^ = -\D\n^L,) , (3.67) 



where Lq is given by (|3.56|) . For S^^rja we content ourselves with the inhomogeneous part. 



i.e. the transformation at Lq = 1. After tedious calculations one finds 

(3.68) 



If we start from an action functional in which L is coupled in a Weyl invariant way 
(up to geometrical breaking terms), Weyl invariance is of course still present when L is 
expressed in terms of rja, i.e. the following Ward identity holds: 

{"ly^iz) + Iw^iz) + Z^aiz)) r = -|Z^„5geom(^) • (3.69) 



( p.69| ) is the basic Ward identity for a field theory coupled to the background fields of 



new minimal supergravity, analogous to equation ( |3.12| ) for the old minimal formulation. 
In the flat space limit H = 0, Lq = 1, ( |3.69|) reads 



6r , ST 

h 



tXr = -P"— - + i— , (3.70) 



which reproduces the B-type superconformal Ward identity ( |2.5b|) if we identify the B- 
type supercurrent V^ and the B breaking B^ with 

^/« = 8^ ' (3-71) 

6T 
B^ = 8—- . 3.72 

Thus we have found a curved space formalism which reduces to the B-type Ward identity 

^XXr,i = -^,D^V,l + ^5, (3.73) 

in the fiat space limit, and in which the supercurrent and the breaking are directly coupled 
to external fields H"'" and ?7°. Transformation properties of V^ and Ba may be obtained 
by functional differentiation of ( ^.69| ) with respect to H""" and 7]°'. The results are collected 
in the following theorem. 
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Theorem 2. In a model which is coupled to a real linear superfield L in a Weyl invariant 
way, the following Ward identities hold atH = 0, (f)=l, L = l: 



with 



"^y^w r 



D^ 



dyn- 

A, 



:wiQ. 



ST 

Srj'^iz) 

6r 



conf > 



D, 



6- 



6r 



6r]a{z) 

6r 






+ 1 fd'z'Qf'iz'] 



6^r 



6r](^{z')6H'"^{z) 



6^r 



'/3l 



Sf]g{z')SH"»{z) 



^Zw{a 



sr 



conf y 



6r]°'{z) 



<5-^ + i fd'z'n^iz') 



6^r 



6i]f^{z')6i]"{z) 



6T 



+ d^'z'QJz')- , ,,^ , , 



6 



6T 



SH'^'^iz 



(A 



6T ,. , . (5r 



bV 



SH'^'^iz) 



5ri"{z) 



(A - fa) 



5ri°'{z) 



(3.74) 
(3.75) 



(3.76) 



(3.77) 



(3.78) 
(3.79) 



^^^^^r^Q, does not occur in ( |3.76| ) because j^^ jd^zQF' ^^jjOa vanishes for f2 = f2conf as 
may be seen from ( |3.68|) . The discussion foUowing theorem || also apphes to (p.77|) , thus 
there is no contribution from geometrical anomalies. (p.79|) also includes the Lorentz 
transformation of the index a. 



( p.75| ) expresses the iiT-gauge invariance ( p.58| ) and shows that Ba as defined by ( |3.72| ) 
satisfies the usual constraint (|2.6b|) on the B breaking, 



D'^Ba-D^B'^ = 0. 



(3.80) 



3.7 B-type supercurrent and energy- momentum tensor 

Energy-momentum tensor, supersymmetry current and R current have been given in 
terms of supercurrent components already in section |^. Now we reconsider the component 
currents from the point of view of new minimal curved superspace. 
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In the integrated B-type superconformal Ward identity 

there is no contribution from the B breaking if 

fi"(2) = D'^uoiz) , uo = -uo or D'^n''{z) = . (3.81) 

Since we have super Poincare and R invariance, the corresponding flat space transforma- 
tion parameters can be written in this form, while for K, D and S transformations this 
is not possible, 

n^^^^ = D"u + D^uj^^ + e'^e^ {\d + k'^xa) - 2ieWs'' (3.82) 

with 



LV 



{ eaaO [ct"" - {uj"^ - uj^'')xb + dx" - k^x^ + 2k^xi,x''] 

- WQ^ [g, - ol^'-x^ + QH^ {t + ^"°Saa;„] 

-\BWr, (3.83) 

^aa _ _ 1^2 ^aa (^^3 _ c)^ - (cU*^^ - ^^'')Xy> + dx" - k^X^ + 2k\y,x'') (3.84) 

where t", g", lo"^ ^ r, c?, fc", s" are the parameters of translations, susy transformations, 
Lorentz transformations, R transformations, dilatations, special conformal and special 
supersymmetry transformations respectively, c is an arbitrary parameter which reflects 
the fact that translations may be represented in any of the forms fi" = D'^io or Z)^fi" = 0. 
In order to define currents i?a, Qaa and Tab in terms of supercurrent components only, we 
have to specify localized versions of translations, R and supersymmetry transformations 
such that ( p.81|) holds. Obviously, it suffices to make the parameters t^, q^ and r in (|3.83|) , 



( ^.84| ) x-dependent and stay with ( pJ.82D 



+ D^ (-i^Vr(2 - c)t\x)) . (3.85) 

The Ward operators and conserved currents are then given by 

i jd'z {n'^'iya + ^atX) = jd'x (r(x)'^>,(x) 

+ g"(x)'^^°«;,(x) + g^(x)'^^?w"(x) 

+ r{xyy^w{x)) (3.86) 

-^ fd^z (fi°D"\4<i - QaD^V^) = fd^x {t\x)d'Tab 

+ q''{x)d'Qba + qa{x)d'Qb'' 

+ r{x)d''Rb{x)) . (3.87) 
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( p.87] ) together with (|3.85|) yields the component currents 

-|((2 -c)Vab + CVba{x)) 



Tab{x) 
Raix) 



2 Xaal.'^j 



where Vah, Xaa and Ca are the supercurrent components as defined in 
choose c = 1 in order to get a symmetric energy momentum tensor 



(3.88) 
(3.89) 
(3.90) 

1). We may 



T, 



ab 



iV(ab) 



This reproduces the currents ( p.3|) up to trivial factors. 

Since the energy momentum tensor is given directly by the 66 component of the super- 
current, the mechanism of its coupling to the vierbein should be quite different from the S 
formulation. In new minimal supergravity we have J = 0, and the remaining background 
fields may in a Wess-Zumino gauge be written as 



H^ = 6a''6hJ' - i6'^6"^^a + i^^^^^^" + 6^6^ A^ 
Va = e-'^""^^"^^r/«/3(a;) with r]^p = r/^, . 

The metric tensor is given in terms of the linearized vierbein /i"* by 

- 2h(^,„^ + 0{h^) . 



9n 



rjn 



''{mn) 



(3.91) 
(3.92) 



(3.93) 



Since hab occurs only in H^, it clearly couples directly to the 6'^-component of Vb, i.e. 
to the non-symmetric energy momentum tensor ( p.88| ). Correspondingly, \l/a" couples to 
(5"a and Aa to i?". Using ( p.93| ), we obtain the ojf-shell expressions for the currents 



-^ ('mn) 



-2 



ST 



Sg'- 



fiat space 



Qa 



6T 



5$« 



fiat space 



Ra 



HA'^ 



fiat space 

(3.94) 



Though the definition of Tab, Qaa and Ra in terms of supercurrent components is different 
in the S and B cases, the respective currents always couple correctly to the component 
background fields. In the S case, however, the coupling relations hold only on-shell ||^. 



The Wess-Zumino gauge expression ( 3.92 ) for rja translates into a corresponding ex- 
pression for Lo, 



with 



Lo = \ {D'^Va + D^t) = 6a'6d''Bab 



Bab = -l{(^ab)Jv°'/3 + C.C. . 



(3.95) 



(3.96) 
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In order to clarify the role of the antisymmetric tensor field Bab, we consider the antisym- 
metric part of the 6'-component of the superconformal Ward identity ( |3.74| ), 



{a^'r^D^pw^^T\ 



+ c.c. 



ST 



5h\ 



ab] 



I 1 abed 



dr 



5T 



5T 



5A'^ 6B, 



ab 



(3.97) 



This shows that on-shell, Bab does not couple to an independent field, ( p. 97] ) rather 
expresses an invariance with respect to a kind of shift in the external fields, similar to the 



shift identity considered in [TQ 
5. 



In [0, the new minimal supergravity fields Ca"^, ^E'm" and 
are used as background fields for a Yang-Mills theory in the component approach 
on tree level. Since, however, all transformations are formulated as BRS transformations 
with corresponding ghost fields, a concise comparison seems difficult. Most likely, the two 
approaches - if they are both formulated in the BRS language and for the same model 
- are equivalent in the sense that the Slavnov- Taylor identities coincide at least modulo 
equations of motion. 

Lq is invariant under the K-gauge transformation ( |3.58| ) which reads in the Wess-Zumino 
gauge 



5 Bab = dbfa- dafb • 



This invariance gives rise to the Ward identity 

ST , . 



Qa 



^^ab 



\x\ 



0. 



From (|3.97|) we deduce that on-shell this means 



= 9'^ 



Jb^ 



4(9" 



bV 

JhFi 



4(9"Tr 



ab] ■ 



(3.98) 



(3.99) 



(3.100) 



This shows again that the antisymmetric part of the energy-momentum tensor is sep- 
arately conserved, corresponding to the fact that the parameter fi" ( ^.85| ) with c = 1 
which leads to a symmetric energy momentum tensor, consists of two parts. One part 
fulfills D^Q'^ = 0, and the conservation of the corresponding part of the energy momen- 
tum tensor is due to the chirality of B^. The second part has the form Q°' = D°'u. Its 
contribution to the energy momentum tensor is conserved because of the K gauge Ward 
identity ( 3.58| ). Thus the existence of a conserved symmetric energy momentum tensor 
originates from ( p.58| ), which in the Wess-Zumino gauge is expressed by ( p.99|) . 



4 Quantized Wess-Zumino model 



It has been shown in ||^ that the massless Wess-Zumino model can be quantized in an 
i?-invariant way. Since, however, this /2-invariance is only manifest in the B formulation. 
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we would like to apply the formalism of the previous section to the Wess-Zumino model. 
The classical action for the massless Wess-Zumino model on flat space is given by 



r,i = ^ d^zAA+l^ ld^zA' + ^, Id'^zA^. 



48 



(4.1) 



For quantization we use BPHZ renormalization in its generalization to massless theories 
by Lowenstein and Zimmermann |11|. Thus we have to include an auxiliary mass term 

|M(s - 1) fd'^zA'^ + |M(s - 1) fd^zA"^ , (4.2) 

which breaks superconformal invariance resp. - on curved space - Weyl invariance. The 
parameter s takes part in the BPHZ subtractions like an external momentum. Therefore 
the limit s = 1 may not be taken naively, but we have to use a Zimmermann identity 
instead, 



ms-l)A']-T\^^^ = J2nA[A]-Tl^,. 



(4.3) 



Here, the sum extends over all possible insertions of dimension 3 except for the mass 
term iteslf. F is the vertex functional, i.e. the generating functional for IPI Green 
functions, and the symbol [A] ■ F denotes an insertion of the composite operator [A] 



which is defined by Zimmermann's normal product algorithm ||T2|. Equation ( [4.3| ) is the 
source of superconformal anomalies. 

The most general diffeomorphism and parity invariant effective action (in the sense of 
Zimmermann) on old minimal curved superspace is given by 



eff 



^^/kin - I {Im + Im) + i,g ih + h) + \i ih + h) 
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+ iAi (/i + 7i) + \\2 {h + h) 



(4.4) 



with 



/kin= d^E-^Ae^'^'A 
Ij^= ld'^z(t)^M{s-l)A^ 
h = [dhcP^R^A 



d^z (l)^A^ 
d^z (h^RA^ 



(4.5) 



d«2E-Me"*^i?. 



The dynamical fields A, A are quantized, whereas the background fields if, J, J are treated 
as classical, i.e. non-propagating. The counterterm coefficients 5, g, C,, Ai and A2 are power 
series in h. z and g are fixed by the normalization conditions 



AA 



p-2=-n2^s=i,e=o 



J_ 

16 



de^ de2 ^aaa 



p'^=q^ = {p+q)^=—fi'^,s=l,6=0 



9- 



(4.6) 



19 









9 ~ 


= </>3A3 


££u-- 


= 0^(^2 + i?)e2^^^V2^^A 


^r- 


= <f{^^^R)^''A^ 


^l- 


= 0^(if2 + i?)e2^^(Ai?) 



^1 = <\?R^A 

Table 4.1: Local Field Monomials 



where an index A means functional differentiation with respect to A. The remaining 
counterterm coefficients are determined by demanding R invariance of the vertex func- 
tional. This R invariant theory has been considered in detail in p, |^. In particular, it 
has been shown that the dynamical superconformal anomalies may be parametrized by 
the /9 and 7 functions. However, the theory is not invariant under R transformations 
involving an anomalous dimension 7. Since we would like to apply the formalism of the 
previous section which relies partly on R invariance, it is favourable here not to introduce 
an anomalous dimension. The Weyl Ward identity then reads (using the notations of 0) 

W{Z)V\^^^ = - l[Siz)] ■ r|^^^ - l^geomW , (4.7) 

— ^S = — gMkin=^km — Tei'^i + '^^)i-^i + =^5) 

- j^(Mi + u[)i^, + ^[) - ^{U2 + M^)(^2 + ^2) - l^n^n • (4-8) 

The =Sf-terms are collected in table [4.1| . The Zimmermann coefficients u are related to to 
the counterterm coefficients ^, Ai, A2 by 

Ai = i(M;-Mi), (4.9) 

A2 = |(m2 -M2) • 

We proceed by introducing an additional external field L into the model in the way 
described in section |3.2| . For the classical theory there exists only the trivial solution 
which has zero mass and doesn't depend on L at all. For the quantized model, however, 
it is a non-trivial problem to establish the Weyl invariant coupling of L. 



4.1 Weyl invariant coupling of L 

When we introduce an additional external field, the effective action comprises all diffeo- 
morphism and parity invariant terms of dimension 3 which can be built from the dynamical 
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I^= h?zE~^A^''Ar &^= d'zE-'A^r 



'kin — 1^ '^ ^ ^^^ ^it ^^ 



/d^z0^M(s-l)A 



M = a z cp iviys — L)f\ ig 



(") _ J,3/'^2 I T3\( A^2\H A 7n\ 



^^^> = <P\^-' + R){Ae''^ Al 

^M = M{s - l)(j)^A^ ^g = (j)^A^ 

Table 4.2: Local and integrated field monomials of order > 2 in A, A 



fields A, A and from H, J and L. Since L is dimensionless, there are several infinite tow- 
ers of terms involving L^. In order to keep the discussion digestible, we decompose the 
effective action into three parts, 

Te, = Ttr + T^^ + rtr, (4.10) 

where r^g"^ contains terms which are at least quadratic in A, A; Fg^ contains terms linear 
in A, A and F^^"™ comprises terms which depend only on the background fields H, J 



and L. The treatment of linear terms is postponed until section [A .21 . *** Since we will 
consider only transformation properties of single insertions, Fgg°™ is not relevant and will 
not be considered here. 

A basis of integrated field monomials - which is needed to write down the most general 
Fgg'^ - may be found in table ^^ We see that the terms /kin and I^ from ( [4.5|) are extended 
by an additional factor /", while it is not possible to derive /-dependent terms from Im 
and Ig due to chirality. / is defined by / = &^l = logL. It should be clear, however, that 
the independent fields are A, A, i/"°, J, J and /. 

The effective action is given by 

oo 

TeT = E (i^^^^H/S + ^^fn^) + le^-H/f ^ + /f ^)) - |(/m + Im) + |(/, + 4) • (4.11) 

n=0 

According to the quantum action principle, the Weyl variation of the vertex functional F 
is given in terms of the Weyl variation of the effective action, 

^^F = [^^Feff] ■ F . (4.12) 
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The Weyl variation of the effective action is 

oo 

n.=0 

oo 

- I Y. [i^^'K^t^ - ^t^) + {n + l)e("+i)(^f ) + ^^'^"))) . (4.13) 



n=0 



In order to evaluate [ i^rgg"] ■ F, a Zimmermann identity has to be used. The Zim- 
mermann identity ( [4. 3D for [M{s — l)(j)^A^] ■ T contains all possible terms of dimension 3 
which we divide into three parts, 

[M{S - 1)0=^^2] ■V\^^^= [Adyn] ■ r|^^, + Ann + Ageom • (4.14) 

All terms giving rise to true, non-local insertions are collected in Adyn, while Aun comprises 
terms linear in A and Agcom contains purely geometrical terms, 

oo 

Adyn = E {v!^^ + uf^t^ + u'l^^^t^ } . (4.15) 

n=0 

The Weyl breaking S is also decomposed into three parts 

a^'^\s=l = ~2 P-l ■ -'^L=l ^ ~2 ["^dynj ' ^\s=l ~ 2*^1™ ~" 2*^8^0111 ; (4.16) 

where — |5'dyn is given by the sum of — |Adyn and the terms from ( [4.13| ) except for the 
mass term, 



5dyn = -|A,y„ - ^ $^(n + l)i("+^)^^rJ 

n=0 

00 

- I Y. {^^""K-^t - -^t^) + (^ + l)e^"+'^(=^f ^ + ^t^)) ■ (4.17) 



n=0 



As explained in section |3.2| , we would like to have a Weyl invariant theory (up to 
geometrical breaking terms), such that the S-breaking is coupled to the external field / 
according to equation ( |3.34|) . The basic idea is to choose the infinitely many countert- 
erm coefficients in such a way that the complete breaking Adyn is absorbed. This Weyl 
invariant coupling is established by the following theorem. 

Theorem 3. There exists a unique choice of z^^^ (n > 1), ^*^"-' (n > Q) and of the linear 
counterterm coefficients such that 



W r|^^^ = -^Sgeom{H,J,l) 



where Sgeom is independent of A, A. The only remaining free parameters are z^ ' , g and 
M. 
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To zeroth order in I, the theory coincides with the R-invariant theory on old minimal 
superspace, while to first order the effective action is given by 



Teslii = -l^kin fdh E-H Ae^'^'A - j^iu^ + u'^) f(fz R-H {A^ + e^^^A^) 
-^(mi + m'i) fd^zE-H {RA + e^''^{RA)) 

+ luu [d'z E-H (e2^^^2g-2iH^ +#2g2iH^) _ 



Proof. In order to reveal hidden dependencies between the Zimmerniann coefficients, we 
make use of the commutation relation [ w{z') , w{z)] = which implies that 

W{Z') S'dyn(^) = M^) ^dyniz') + 0{h'') , (4.18) 

where fc — 1 is the lowest non- vanishing h-ordei of Sdjn, 

Sdyn = 0{h^-^) . (4.19) 

( [4.18| ) is equivalent to the consistency relations 



u 






n + l)Mp^^ = -M^^"^-(n + l)4^"^'^ + 0(r) (n>0). (4.20) 



Note that the superscripts '•"^ denote the order in /, not in h. In order to solve equation 
(g) we define 



(n+l) _ 1 / (n) (n)x 



(4.21) 



^r=^A^r-^n^ (4-22) 

or inverted 

uf^ =y(^)_yi^) ^")=^(") + (^ + l)^(«+i) (^>o). (4.23) 



Equation ([4.18|) determines all u'c in terms of the f i" , 



such that Adyn may be rewritten as 

00 

Adyn = Yl ("Sim + ^^f ^ (^f ^ " ^/"^) + (^ + l)v^^^'\^t'' + -^t^)) + ^i^') 

(4.25) 
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n=0 



Comparison with (|4.17| ) shows that all breaking terms are Weyl variations and can be 
absorbed into T^^'^ by choosing 

^^"^ = -^&„"'^ (^>1), i^-^ = -v^^^ (n>0). (4.26) 

Thus we have 



w r|^^_^ = -|S'geom(^, J, I) + terms linear in A, A + 0{h^) , (4.27) 

i.e. 

5dyn = 0{h^) . (4.28) 

Now the lowest non- vanishing order of S'dyn is no longer k — 1 but /c, and in this way k 
can be pushed higher and higher until S'dyn=0 to all orders in h. 

Putting / = 0, the Zimmermann identity ( [4. 14|) becomes identical to the Zimmermann 
identity on old minimal curved superspace [0]. Comparison of coefficients yields 

(0) (0) / /(O) 

Mkin = Mkin 7 Uj^ = U^ , Uj: = U^^ ' . 

Correspondingly, we have z = z^^\ ^ = ^^^\ (^4.26|) together with ( [4.21|) yields the same 
value for ^ which is also obtained by requiring R invariance. Thus to zeroth order in /, 
the model is equivalent to the R invariant theory of . The coefficients of the first order 
terms in / are obtained from ( [4. 221 ), ( [4.26 ) as 



e« = -i(«5 + 4), z« = -2w 
The linear terms will be treated separately in section [A. 2 



kin ' 



D 

Clearly, z^^^ and g are the same as z and g in the theory without L and are fixed by 
the usual normalization conditions (14.61). 



4.2 Transformation of S 

Having achieved the Weyl invariant coupling of L, ( |3.36| ) may now be applied to the vertex 
functional of the Wess-Zumino model. Using the expression for Tes\i^ of theorem §, it 
may be checked explicitly that the 5* breaking ( |4.8| ) is coupled to / according to ( |3.34| ). 
On fiat space, (|4.8| ) reduces to 



-|5 = -i^kin^^^^^) _ 1 ^^^ ^ ui)D^A^ + {U2 + u'2 + 2un)DA . (4.29) 
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( p.36| ) yields the transformation properties of the S breaking (|4.29|) for the flat space 
theory at s = 1, 

V(fi,onf) [Siz)] ■ r = [(A, - 3a)Siz)] . r - I jd'z'aiz') {S{z') ■ S{z)} ■ T 

- I fd^z'cx{z') {S{z') ■ S{z)} ■ r . (4.30) 

The double insertion {S{zi) ■ S{z2)} is defined in the spirit of by 



2\2 f)2n2 



{Siz,)-Siz,)}-T={-iyDJD. 



6^T 



"" 5l{zi)5l{z2) 



[S{z,)] ■ [S{Z2)] ■ r 



i-irm 



5'reff 



^ 5l{z,)5liz2] 



which implies that the second derivative of Tes with respect to / is involved. Terms of 
second order in / in T^s contain the Zimmermann coefficients ul^il, ui , ... which are not 
present in fiat space nor in the old minimal curved space formalism of 0. Actual values 
for these Zimmermann coefficients can be obtained by calculating Feynman diagrams with 
one external /-leg. 



( [4.3U| ) holds for any choice of geometrical counterterms T^g"™. The geometrical coun- 
terterms of first order in / contribute to S itself, while the second order terms contribute 
to the double insertion. Due to diffeomorphism invariance, the first and second order 
terms are related in exactly such a way that ([4.30| ) is always true. 



We pass over from T to Z and obtain the transformation properties of Green functions. 

Theorem 4. The superconformal transformation properties for the S breaking ^4 ■ ^^ ) of 
the massless fiat-space Wess-Zumino model are given by 



6{T S{z) X) = |i fd'^z'aiz') (T {S{z') ■ S{z)} X) 

+ |i fd'^z'aiz') (T {S{z') ■ Siz)}X) , 



(4.31) 



where 



X = Aiz,) . . . Aizn)Aiz[) . . . A{z'J (4.32) 

is an arbitrary number of elementary fields. (T . . .) is the vacuum expectation value of the 
time ordered product. Here the superconformal transformation 5 of the Green functions is 
defined by 



8{TS{z)X) = {T5S{z)X) 

n 

+ 5^(T S{z) A{z^) . . . {6A{zk)) . . . A{z^) A{z[] 



MC)) 



k=l 



+ 5^(T S{z) A{zr) . . . A{z^) Aiz[) . . . (M(4)) . . . A{z'J) , (4.33) 



fc=i 
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with 



5S= (A,-3(t)5, 
6 A = {Ac- cr)A, 
6 A = {Ac-a)A. 



Since we have not assigned any anomalous dimension to A, we have - in addition to 
super Poincare invariance - exact i?-invariance, i.e. 



5^'^'^'^^{TS{z)X) = 0. 



(4.34) 



4.3 B formulation 



In order to obtain the B formulation, L has to be restricted to be a linear field. This means, 
however, that the basis of local field monomials presented in tables [4.2| , [A.l| , [A.2| is no 
longer linearly independent. It turns out that -^ji^ ' -^iic ' -^ib ' -^'/t, ■* may be expressed 
in terms of the remaining basis elements. In the Zimmermann terms A|™ ( [A.2.6| ) and A^'j"^ 
( |A.2.12| ), these terms have to be omitted. Adyn remains unchanged. Correspondingly, the 
most general effective action is given by 



eflF 



■^dyn 
eff 



plin I 1^ plin II 
J- off ~r J- p 



eff 



eff 



with T^"" as in ( plj) and T^^ as in ([AX5|) , ( |A.2.11| ) with A 



lb 



^IIc 



0. The consistency 



conditions for the new Zimmermann identities are the same as in ( [A.2.8| ) and ( [A.2.13| ) 



but with u 



(n) 
lie 



U 



/ (n) 
He 



U 



lb 



U 



l(n) 
lb 



0. It is easy to see that still all breaking terms can 



be absorbed, i.e. theorem ^ is also valid for linear L. 

B-type supercurrent and B breaking may be easily calculated by using 



Lo=l 



H=0 



-\[D^,D^]H^^ + 0{H^ 
log (|D°r7, + \Dc.t) ■ 



From (|3.71| ) , (|3.73|) and theorem ^ it follows that 

Kf^ = Ki + JiU^ADa. D^]{AA) - ^(n^ + 4)[D,, D^]{A^ + A^ 
+ ^(W2 + u'^)[Da, D^]{D^A + D^A) , 

Ba = -lu^inD^Dc,{AA) + i(u5 + u'^)D^D,,{A^ + A^) , 



(4.35) 
(4.36) 



(4.37) 
(4.38) 
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where V^^ is given by 

Kfd = -l-S {D^AD^A - AD^D^A + AD^D^A) 

- \i{D^, D^] [A^ - A^) + \\2{D^, D^] [D^A - D^A) . (4.39) 

The conforinal transformation properties of the B-type supercurrent and of Ba are ob- 
tained from theorem 0. 






:W^(ficonf)[v;^.(^)] ■ r = [5v^^{z)] ■ r + ^ Jd'z'n^{z') {i?,(/) ■ v^Kz)} ■ r 

+ ^ Jd'z' n^{z') {B^{z') . V^liz)} . r , (4.40) 

V(fieonf)[5a(^)] ■ r = [5B^{z)] ■ r + ^ Jd^'n^iz') {B(,{z') ■ b^{z)} ■ r 

+ ^ |d«/ n,(/) {B^{z') . B^{z)} . r , (4.41) 

We will not calculate transformation properties of multiple insertions of the B-type super- 
current here. However, it is clear that for every additional insertion, higher Zimmermann 
coefficients of the infinite towers in ( [4.15| ), (|A.2.6| ) and (|A.2.12| ) will contribute. In this 



AA^ 
A 



sense, multiple insertions of the B-type current acquire new anomalies for each insertion. 
The same is true for multiple insertions of the B-breaking Ba- 

Theorem 5. The superconformal transformation properties of the B-type supercurrent 
and of the breaking term B^ of the massless flat-space Wess-Zumino model are given by 

HTV^^a{^)X) = -i-^jd'z'n^{z') {T{B,{z') ■ V3.{z)]X) 

- ^|dVn,(/) {T{Bf^{z') . V^^z)]X) (4.42) 

5{TB^{z)X) = -J-^jd'z'n^iz') {T{Bp{z')-B^{z)}X) 

- ^ Jd'z' n,iz') (T {B^iz') . B^{z)}X) . (4.43) 

SV^^ and 6Ba are given by 

<^V;i=(A-|(a + a))Kf„ (4.44) 

5B^ = (A - la) B^ , (4.45) 

SA, 6 A and X are the same as in theorem 0. 

Due to the properties ( ^.6] ) of the breaking term B^, we have super Poincare- and 
i?-invariance, 

§p,QM,R^T. yB^^^^ ^^ ^ ^P,Q,M,R(j B^{z) X) = . (4.46) 
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The dilatational Ward identity is given by 

^iw [Kfj ■ r = [<5^KfJ • r - 1 |d^x { {D^B, + D^Bf^)\^^^ ■ Kf.} ■ r , (4-47) 



and similar for the [Sq,] -insert ion. 



5 Conclusion 



The purpose of this paper was twofold. First, it was intended to set up a general framework 
which gives control on the flat-space supercurrent and on the superconformal anomalies by 
coupling the matter theory to a background of new minimal supergravity fields. Second, 
this formalism should be applied to the massless Wess-Zumino model. 



In section p.2| , the S breaking has been coupled to a real external field L, and thus 
access to the transformation properties of S was gained. By restricting the field L to be 
linear, one performs the transition from old to new minimal supergravity. The choice of 
independent fields in new minimal supergravity is non-trivial, since it should be possible 
to vary them independently and also to have well defined functional derivative operators, 
which is both not the case for the original field L. However, the problem has been solved 
by introducing the fiat space chiral spinor field rja- Furthermore it turned out that this 
formulation yields the B-type superconformal Ward identity in the fiat space limit, that 
the B-type supercurrent is directly coupled to if"" and that the B breaking B^ is directly 
coupled to r/". Insertions of the B-type supercurrent as well as of the breaking term B^ 
may thus be generated by functional differentiation with respect to iJ°" and 77". 

This general framework has been applied to the massless Wess-Zumino model in section 
^. The classical theory is conformally invariant, yet acquires anomalies upon quantization 
due to the necessity of introducing an auxiliary mass term. Renormalization of the model 
with the additional external field L involves several infinite towers of counterterms be- 
cause L is dimensionless. However, a systematical treatment of dynamical anomalies was 
possible by using consistency conditions. Especially the linear terms require quite some 
work here. Though these linear terms are of little physical importance for the fiat space 
theory, they might very well become important in a theory with propagating supergravity 
fields. Furthermore their study is justified as further evidence for the vigor of the method 
of Weyl invariant coupling. 

As a result, all dynamical anomalies could be absorbed into the effective action, such 
that the formalism of section ^]2| could be used to determine the transformation properties 
of the S breaking. Conversely to the case of supercurrent insertions, the transformation 
of insertions of S involves new anomalies originating in the infinite towers of couterterms. 
In the same way the transformation of the B-type supercurrent and of the breaking term 
Bn involve new anomalies. 
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As opposed to the S formulation of |^, the B approach is technically more involved but 
perhaps also more systematic. Despite the fact that in the B formulation R invariance is 
manifest, the conformal transformation properties of the S-type supercurrent are better 
behaved in the sense that all anomalies even of multiple insertions may be expressed 
in terms of finitely many Zimmermann coefficients. Multiple insertions of the B-type 
supercurrent acquire new anomalies for each additional insertion. The clarification of 
these different characteristics of S- and B-type breaking constitute one of the main aims 
of the paper, particularly in view of the suitable supergravity variables. 
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A Appendix 

A.l Infinitesimal Transformations 

Here we list the infinitesimal diffeomorphism and Weyl transformations for the old minimal 
supergravity prepotentials H°"^ and J as well as for a chiral matter field A. 

Diffeomorphisms 

5f,A = \D^{yi''D^A) (A.1.1) 

+ l^D^n^{Dp, D^} {H-'^D,, D^jH-"^) (A.1.2) 

+ c.c. + 0{H'') 

S^J = lD^n''D^J) + ^D^D''n^ (A.1.3) 



Weyl Transformations 



S^A = -a A (A.1.4) 

5^i7°° = (A.1.5) 

5„J = a (A.1.6) 



A. 2 Linear terms 



We come back to the linear terms of equations ( [4.10| ) and (^4.14|) which have not been 



considered so far. First we have to find a basis of local chiral terms of dimension 3 which 
are linear in A, A. Since a chiral projection operator (^^ + R) has to be included, there is 
room for two additional spinorial derivatives in order to have dimension 3. The problem 
of finding all possible placements of these two derivatives such that linearly independent 
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terms are obtained, is easily solved when the following identities are taken into account 






(m + n)(m + n 
nin — 1) 



2jm+n 



2 7in+n 



{m + n){m + n — 1) 



+ 



n + 



-^2 (^/"+i) 



■m + n — 1 

mn 
m + n — 1 

1 



m+n-l /a2 



/ 



n + l' 



Mr+i 



n+ 1 



(A.2.1) 

p+n-1^2^^ (A.2.2) 

A^2/n+l + ^/"^2^ ^ (A.2.3) 



and similarly for^^. In (|A.2.1|) - ( |A.2.3|) , representation changing factors e^'^ and e~^'^ 
have been omitted for better readability. It is a trivial task to insert them at the correct 
positions. 



A possible choice of basis terms =Sf - separated into two parts - is shown in tables |A.l 



and |A.2| . Again, representation changing factors have been omitted. It is important to 
note that 






(0) 



lib 



^T 



(0) 



Ila 



^T 



(0) 



lie 



=^IIb 

-Z-TTK 






'//(O) 



Ila 



lie 



<;^//(0) 
"^Ilb 






/(O) 



=5f. 



la 



-^la 



(0) 






(0) 



lb 



^T 



(1) 



la 



"^Ib 



(0) 



^T 



Ila 



la 



thus the basis is given by 



«?(™) «?/(") (V'^") <v" (") <v"/(") /„ \ n"; 

■=^Ia '--^la 5-^IIa ' "^Ila 5 -^Ila I''- ^ UJ 



C/»f{n) cfiiri) cfil{n) c/>{n) c/Jl 
"^la 1 "^Ib ' -^Ib 5 "^TTb ' -^11 



lib ' -^Ilb 5 -^Ilb 5 -^IIc ' -^IIc 



(n> I). 



A basis of integrated terms is also given in tables [A.l| and [A. 2 . 



The linear terms of the effective action r|,g, Zimmermann identity Ann resp. Weyl 
breaking Sn^ may be divided in two parts which can be treated separately, 



■plin 
^eff 



plin I I plin II 
-■- eff "T ■■- eff ' 



Ah„ = AL + A" 



lin 



^lin ' 



Sun = Si + Si. (A.2.4) 

With both parts we proceed now in complete analogy to the =Sfc , =^/ terms in the 
proof of theorem 0. 
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4") = h?zE-^RAr 


An) 
-'lb 


^w = 03(^2 ^i?)(i?Ar) 


Cyfiin) 
■=^Ib 


^{^""^ = cp\§^ + R) [RAr) 


c^'{n) 



d''zE-'A{^' + R)ir 



^{^^'''^ = <p\&^ + R){Ar 



Table A.l: Local and integrated field monomials linear in A, A: part I 

Part I 

For the first part we have 

oo oo 

^ ^ = I E ^S?(4"^ + 4"^) + 1 E ^!b Vi"^ + 4"^) (A.2.5) 



n=0 n=l 

oo oo 



^lin — _^ i ^la --^la + ^la =^Ia J + _^ i ^la "^la + ^Ib "^Ib + ^Ib "^Ib 
ra=0 n=l 

(A.2.6) 

Again we evaluate the commutation relations [^w{z'), ^^(2;)] = 0, [^w{z')^ J^i.^)] = 0- 
Since linear terms are always local, 

W{Z') Aliz) = W{Z) AUz') , W{^')^ini^) = M^)^ini^') (^-2.7) 

hold to all orders in h. This yields the following system of equations (which is analogous 
to (Pi): 

ui:^ - {n + l)ut'^ + 2n;l") + (^ + 1)^;^^^ + u^^ - ^u^'^ =0 (n > 2) (A.2.8a) 

4"^ + 2<(") + (n + lKj"+n^nir^-nS^)=0 {n > 2) (A.2.8b) 

24") + (ri+l)4"+') + 2^1;:)- (71 + 1)^1;:+^) =0 (n>l) (A.2.8c) 

^4"-')-4")+4")-<(") + (n + lK;("+^)=0 in>2) (A.2.8d) 

2.1?-.« + 2.;f+.'«+<(^)=0 (A.2.8e) 

ui:^ - 2u{'J + 2t.;« + 24^) + u[i^^ = (A.2.8f) 

u« + 2<J^) + 2<(^) + u[i'^ - 2u[^ = (A.2.8g) 

-<t^'' + <^^ - <a^'^ + 2<a^'^ = (A.2.8h) 
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An) 
-'lla 


= fdhE-^RAr 


An) 

-'lib 


= fSzE~\^^ + R)Ar 


j{n) 
-'lie 


= fdhE-'A{^^ + R)ir 








= <P\^^ + R){^^ + R){Ar) 


Cfi{n) 
=^IIb 


= <P\§^ + R){{&^ + R)Ar) 


C/?>{n) 


= <P\^^ + R){RAr) 


CjP> (n) 
•^Ilb 


= (t)\§^ + R){A{&^ + R)r) 


(/>fKn) 
■^Ila 


= (j)\^^ + R){RAr) 


(/>lfin) 


= ^'(0^ + R){(0^ + R)Ar) 


■^IIc 


= (t)\§^ + R){A{^^ + R)ir) 


C/ii{n) 
■^IIc 


= (t)\^^ + R){A{^^ + R)ir) 



Table A. 2: Local and integrated field monomials linear in A, A: part II 



In order to solve these equations we define - similarly to ( [4.21| ), ( [4.22|) - the linear com- 
binations 



{n) — 



\{uT-u^£) 



in) 



'(0) 



— 4 '^^la ^la ) 



(0)^ 



U 



2 I "la 
// (n) 



U 



(0)n 
la ) 



la 



2 Jn-1) 

(J- 



lb 



+ V- 



in) 
lb 



{n > 1) 
(A.2.9a) 

(A.2.9b) 

(A.2.9c) 

(n > 2) . 
(A.2.9d) 



The above consistency conditions ( |A.2.8|) may then be used to express all Zimmermann 
coefficients u in terms of f }" , f j^ . The resulting breaking term A\^ is a Weyl variation 
and may be cancelled by fixing the counterterm coefficients 



^la ~ '^la ' 



X (") _ in) 
^Ib ~ ^Ib 



(A.2.10) 



33 



Part II 

Part II is treated in exactly the same way as part I. Effective action and Zimmermann 
terms are given by 

oo oo oo 



rl?.^ " = I E >^nM?I + li?I) + I E ^nb(4^ + ^rJ) + I E >^nhli^ + ^iS) (A.2.11) 

n=0 n=l n=l 

oo 

All _ V^ /„,W oi'W I .,' (") oi" (") I .," W (V'/'Wl 

^lin — 2^ I^IIa-^IIa "•" "lla -^Tjja -|- Ujj^ -2:jja J 
n=0 

oo 

~r _^ i "llb-^IIb "T "lib -^Ilb "T "lib "^Ilb "•" "lie =^IIc "•" "lie =^IIc J • 
n=l 

(A.2.12) 

The commutation relations [ w{z), w{z')] = 0, [ w{z'), w{z)] = yield the following 
system of equations. 



^Ila l^+'l-J^IIa ^Ila „ ^Ile + ^IIc 


= 


(n 


>2) 


(A.2.13a) 


(n) 1 , -, N (n+l) II {n) , f , i\ II ("+1) 1 / (n-1) 
-Wllb - («+l)%b - Wllb + (^ + l)«IIb - ^Wllc 


= 


(n 


>2) 


(A.2.13b) 


-«;ii")-(n+i)<r') + i«;,r^) 


= 


(n 


>2) 


(A.2.13c) 


-«i'if ^ - {n+l)u'ilr'^ - u^l + in+lH,!r^'^ + ^u[,t'^ 


= 


[n 


>1) 


(A.2.13d) 


1 (n) 1 1 1 \ / (n+1) 1 1 (n-1) 
Wllb -(^+l)«IIb +d«IIe 


= 


(n 


>2) 


(A.2.13e) 


^Ila ^^Ila ~ ^Ila + ^Ile 


= 






(A.2.13f) 


^Ilb ^^Ilb ^Ilb + ^^Ilb 


= 






(A.2.13g) 


^Ilb ^^Ilb ^Ile + ^Ile 


= 






(A.2.13h) 


^Ila ^Ilb ^Ila ^Ila + ^Ilb 


= 






(A.2.13i) 


_,/' (0) _ „ ,/ (1) _ „ ,// (1) , „ ,/ (1) 

"lla "lib "lla + "lla 


= 






(A.2.13J) 


J' (0) + ,,(1) J (1) 

^Ila + ^Ila ^Ilb 


= 






(A.2.13k) 


27,(2) _,,(!) ,,,"(1) 
^^Ila "lie + "lla 


= 






(A.2.131) 
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Again, we define some linear combinations of tlie Zimmermann coefficients, 



(n) 
^IIc 


= 


W^-u[t^) (n>l) 


(A.2.14a) 




= 


u^l---^vt''+v^i {n>2) 


(A.2.14b) 


^Ilb 


= 


1,,(0)_ 1 / (0) 1 „(0) 
2"lla 2"lla + 2 "Ha 


(A.2.14c) 


,,(2) 


= 


2 '^Ilb 2 "lib 


(A.2.14d) 


4r^^ 


= 


n+l^IIb n+1 "lib n(n+l) "lie l"- ^ ^J 


(A.2.14e) 


vUl 


= 


,,(1) ,„,(!) 


(A.2.14f) 


^Ila 


= 7,(0) (1) 

all Zimmermann coefficients in terms of Vj^^, % 


(A.2.14g) 


ions (A.. 2. 13) determine 


lib a^Cl f jj^ . 



Calculation of the Weyl variation of r|,g ^^ shows that the breaking can be completely 
absorbed by fixing the counterterm coefficients 



dn) 



in) 



^Ila ~ ^Ila ' '^Ilb ~ '^Ilb ' ^IIc 



(n) 
^IIc • 



(A.2.15) 



With the choice ( |A.2.1U[ ), ( |A.2.15[ ), we have Sim = in PTT^ ) 



The limit Z = 



The Zimmermann coefficients of 0**^ order terms in / are related to the Zimmermann 
coefficients of the old minimal formalism (cf. ( |4.^ ) as follows 



U2 



u 



(0) 
Ila 



+ U 



Ml = 

//(O) 
Ila 5 



U 



(0) 
la ' 



Ml 



U 



/(O) 
la 5 



?/ - ?/ ^°) 
"2 — "lla ? 



Mn 



//(O) 

-Wlla 



The counterterm coefficients to zeroth and first order in / may be read off from ( [A. 2.91 ) 
( |A.2.14| ) and the solution of {\fJlM and ( |A.2.13|) , 



A 






>\Z = ^2 = \{U2-U'^) 



la 



'^Ila 

a(^) 



Mr 



-\{U2 + M2) "■"□ • 



Again, we see that to O*'^ order in /, the counterterm coefficients ( [4 .91) are reproduced, 
while the remaining breaking terms of ( [4 .81 ) are coupled to /. 

This completes the proof of theorem 0. 
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